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Abstract 

The concepts of "fundamental almost everywhere" and "fundamental pseudo-almost everywhere" on fuzzy measure 
space are introduced, the relations among convergence of sequences of measurable functions are further discussed, the 
corresponding results on classical measure space are generalized and some of these results are improved in essence• 
© 1998 Elsevier Science B.V. 
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O. Introduction 

The convergence of sequences of measurable 
functions on fuzzy measure space is one of the 
important contents of fuzzy measure theory. In 
[5 7], Wang gave some generalizations on the 
fuzzy measure space for Riesz's theorem, Egoroff's 
theorem and Lebesgue's theorem which are well 
known in classical measure theory. Now, we further 
discuss convergence of sequences of measurable 
functions by means of introducing the concepts of 
"fundamental almost everywhere" and "funda- 
mental pseudo-almost everywhere" on fuzzy 
measure space. It is well known that the conver- 
gence in measure implies fundamental convergence 

in measure on classical measure space, but, since 
fuzzy measures lost additivity in general, the con- 
vergence in fuzzy measure and the fundamental 
convergence in fuzzy measure are not implied mu- 
tually on fuzzy measure space. In this paper, we 
shall point out that the depiction on fundamental 
convergence in fuzzy measure is just right the 
double asymptotic null-additivity introduced first 
by the authors. In addition, we further discuss the 
relations among the concepts of the other funda- 
mental convergence of sequences of measurable 
functions on fuzzy measure space. 

1. Preliminaries 

1This work has been supported by the National Nature 
Science Foundation and a Special Foundation of Ph.D• in 
University of China. 

*Corresponding author. 

Let X be a nonempty set, ~ a a-algebra of 
subsets of X and/~: ~ - ,  [0, oc] a fuzzy measure, 
introduced first by Sugeno in [-3] and generalized 
later by Ralescu and Adams in [-2 l, i.e. with 
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monotonicity and continuity from above and from 
below and /~(0)= 0. We shall work throughout 
with the fixed fuzzy measure space (X, L~, #) unless 
special explanation is given in the paper. For con- 
venience, we recall some definitions and results. 

for any given e > 0, then we say {f,} converges 
in g to f on A, and denote it by f .  L f (or lim, f ,  = 
f ( t t ) )  on  A. If 

lim #({x: I f .(x) - f (x ) l  < e } n A )  =/~(A)  
n 

Definition 1 (Wang Zhenyuan [5]). # is said to be 
null-additive, if #(E~F)= kt(E) whenever E ¢ ~ ,  
F ~ ,  E n F  = 0 and/~(F) = 0. 

for any given e > 0, then we say {f,} converges 
pseudo-in/~ to f on A, and denote it by f ,  p.u f 
(or lim. f ,  = f (p.#)) on A. 

Definition 2 (Wang Zhenyuan [5]).  # is said to be 
autocontinuous from above (resp., from below), if 

#(AwB.) -~ p(A) 

(resp., p(A - B.) ~/~(A)) 

whenever A ~ L~, B, E ~q, n = 1, 2 . . . .  , and kt(B.) ~ 0. 

Definition 3 (Wang Zhenyuan [6]). Let A 6 ~60, and 
let P be a proposition with respect to points in A. If 
there exists E ~ ~ with/t(E) = 0 such that P is true 
on A - E, then we say "P is almost everywhere true 
on A". If there exists F e 5¢ with #(A - F) = p(A) 
such that P is true on A - E ,  then we say "P is 
pseudo-almost everywhere true on A". 

From now on, the class of all nonnegative finite 
measurable functions is denoted by F. 

Definition 4 (Wang Zhenyuan [6]). Let A CL, W, 
f ¢ F  and {f,} c F. If there exists {Ek} c ~ with 
limk #(Ek)= 0 such that {f,} converges to f on 
A -  Ek uniformly for any fixed k = 1, 2, . . . ,  then 
we say that {f,} converges to f on A almost 
uniformly, and denote it by f ,  .... , f (or 
lira, f ,  = f(a.u.)) on A. If there exists {Fk} ~ 5e 
with l i m k g ( A - F k ) = # ( A )  such that {f,} con- 
verges to f on A -  Fk uniformly for any fixed 
k = 1, 2, . . . ,  then we say that {f.} converges to 
f on A pseudo-almost uniformly, and denote it by 
f ,  p.a.u; f (or limn f ,  = f (p.a.u.)) on A. 

Definition 5 (Wang Zhenyuan [6]). Let A ~  a, 
f ~ F  and {f,} c F. If 

lim/t({x: I f .(x) - f (x ) [  >~ e } ~ A )  = 0 
n 

Definition 6 (Ha Minghu [1]). bt is said to have the 
property (S) (resp., (PS)), if for every sequence 
{E,} c Z/~ with # ( E , ) ~  0, there exists a subse- 
quence {E,,} of {E,} such that 

(resp., g ( X - k ~ = l  i~kEn,)= ~(X)),  

Proposition 1 (Wang Zhenyuan [6]). I f  bt is auto- 
continuous from above (resp.,from below), then # has 
the property (S) (resp., (PS)). 

Proposition 2 (Ha Minghu [1]). Let A ~ ~_~. # has 
the property (S) (resp., (PS)) /f and only if for any 

f e F ,  {f.} ~ if, i f f ,  ~ f(resp, f ,  p.u) f ) o n A ,  then 
there exists a subsequence {f,,} of {f,} such that 
f,, a.e f (resp., f,, p.a.e) f )  on A. 

For the other concepts appearing in this paper 
see [4]. 

In the following, we give some definitions and 
a result. 

Definition 7. # is said to be double null-additive, if 
~t(EwF) = 0 whenever E~£P, F~&e and /~(E)=- 
/t(F) = 0. 

Definition 8. bt is said to be double pseudo-null- 
additive, if #(BwC)= 0, whenever A ~ ,  B~L/~, 
C ~ &:, #(A) = #(C) = 0 and/~(A - B) = 0. 

Definition 9. p is said to be double asymptotic 
null-additive, if 

I~(A, wBm) --+ O (n --*o% m --*oo) 
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whenever {A.} c 50, {Bin} c 50, It(A.)--+0 and 
It(B~) -~ 0. 

Def in i t ion  10. It is said to be double asymptotic 
pseudo-null-additive, if 

It(BnuCm)----~O (n,m-+~) 

whenever {A,} c 50, {B,} c 50, {Cm} c 5 °, It(A,) 
0, It(C,,) + 0 and It(A, - B3 + 0 (n, 1 ~ m). 

Def in i t ion  11. Let A e 50, {f.} c F. If 

Since autocontinuity implies null-additivity, by 
(2.1), we obtain 

0: (,imsup ,) 
=It( l imsupA.,wlimsupBmk) 

i> lim sup It(A,,uBmk) > eo, 
i,k 

a contradiction. This completes the proof of the 
proposition. [] 

lim If. - f,,I = 0 (a.e.) 
. ,m  

(resp (a.u.), (It), (p.a.e.), (p.a.u.), (p.It)) on A, 

The following example shows that the double 
asymptotic null-additivity is truly weaker than the 
autocontinuity from above. 

then we say {f,} is fundamental (a.e.) (resp., (a.u.), 
(It), (p.a.e.), (p.a.u.), (p.It)) on A. 

P r o p o s i t i o n  3. The double asymptotic null-additivity 
implies the double null-additivity. 

Proof. It is easy to prove by Definitions 7 and 9. 

Example 1. Let X = {0, 1, 2 . . . .  }, £0 = P(X) (the 
power set of X), and let 

/~E 2 '71 '  E n { 0 }  = 0, 
/ 

It(E) -- 1 1, E = {0}, 

~ ,  else. 

2. Pr inc ipal  results  

By definitions and results above, we give the 
principal results of the paper as follows: 

P r o p o s i t i o n  4. The autocontinuity from above im- 
plies the double asymptotic null-additivity. 

Proof. Suppose that the conclusion is not true, 
then there exist {A,} c 50, {Bin} c 50, I t(A,)~ O, 
It(Bin) ~ 0 and eo such that 

It(A,wB",) >>, ~0, n, m = 1, 2 . . . .  (2.1) 

By Proposition 1, there exist subsequence 
{A,~} c {A,} and {Bm~} c {B,,} such that 

It ( l im sup A , , ) = 0 ,  # (l im sup B , ,k )=0 .  

It is easy to prove that It is a fuzzy measure. For 
arbitrary {A,} c 50, {B,,} c 50, p(A, )~O and 
It(Bin) ~ 0, by the construction of # we obtain, 
A,n{0} = 0 and Bran{0} = 0 when n and m are 
large enough. As a result, (A, uBm)n{0} = 0 when 
n and m are large enough, and 

1 1 
#(A, VOBm) ~ Y, ~ + ~ 2i+1 

= It(A.) + It(B,) -+0 (n, m -+oo). 

It shows that It is double asymptotic null-additive. 
But we can prove that It is not autocontinuous from 
above. In fact, choose 

A={0} ,  B , = { n ) ,  n = l ,  2 . . . .  , 

then #(Bn) = 1/2 n+ 1 _0 0 (n-+oo) and It(AvoBn) = 
oo-+It(A) = 1. 

It shows that It is not autocontinuous from 
above. 
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Theorem 1. /~ is double asymptotic null-additive if 
and only if for every A ~ Y ,  {f~} c F, {fn} is funda- 
mental in [p] on A if there exists a f ~ F such that 
fn ~ f o n A .  

Theorem 2. # is double asymptotic pseudo-null- 
additive if and only iffor every A ~ ~ ,  {fn} ~ F, {f~} 
is fundamental in (p.#) on A if there exists a f ~ F 
such that fn P"~ f on A. 

Proof. We assume A = X without loss of general- 
ity. 

Necessity: By hypothesis we have 

lim/~({x: [fn(x) - f (x) l  >~ e/2}) = 0, 
n 

l im #({x:  I fro(x) - f (x ) l  f> e/2}) = 0. 
m 

Notice, for arbitrary e > 0, we have 

{x: ]f~(x) -- fm(X)[ ~> e} c {x: [f~ -- f(x)l ~> a/2} 

~{x: l fro(X) -- f(x)l /> ~/2}. 

By the monotonicity and the double asymptotic 
null-additivity of #, we have 

lira #({x: If,(x) - fs(X)[ >~ e}) = 0, 
n,m 

i.e. {f,} is fundamental in (/~) on A. 
Sufficiency. Suppose there exist {A~} c A", {Bin} 

c ~e with #(An)--,0 and #(Bm)--*0 such that 
12(AnwBm) ~ O. Let 

f2,,(x) = Ia.(x), 

f2n- 1(x)  = IB.-A.(X), n = 1, 2, . . . ,  f ( x )  -- O, 

where I is the membership function. It is obvious 
that {f~} ~ F, f e F ,  and for any e, we have 

#({x: If,(x) - f ( x ) l  >~ e}) ~< max{#(A,),/~(Bn)} ~ 0 

but 

#({x: [fE,,(x) - f2,,-,(x)[ >i e}) = 12(A,,uBn)"+ O, 

i.e. # has the double asymptotic null-additivity. 
This completes the proof of the theorem. [] 

Similar to Proposition 4 and Theorem 1, we 
obtain the following results: 

Proposition 5. The pseudo-autocontinuity from 
above implies the double asymptotic pseudo-null- 
additivity. 

Referring to the proof of Theorem 6.8 in [7] and 
corresponding classical results, we obtain the fol- 
lowing conclusions easily. 

Theorem 3. Let A ~ # ,  {f~} = F. I f  {f,} is funda- 
mental (a.u.) (resp., (p.a.u.)) on A, then {f,} is 
fundamental (a.u.) (resp., (p.a.u.)) on A. 

Theorem 4. Let A c 2', {fn} c F. {fn} converges to 
some f 6_P on A almost everywhere (resp., pseudo- 
almost everywhere) if and only if {fn} is fundamental 
(a.u.) (resp., (p.a.u.)) on A. 

Theorem S. Let A ~ ,  {f,} c F. {fn} converges to 
some f c F  on A almost uniformly (resp., pseudo- 
almost uniformly) if and only if {f~} is fundamental 
(a.u.) (resp., (p.a.u.)) on A. 

Last, we give another generalization on fuzzy 
measure space for fundamental convergence. 

Theorem 6. Let A c £ e ,  {f,} c F. I f  l* is double 
asymptotic null-additive (resp., pseudo-null-additive), 
then {f~} converges in # to some f ¢ F on A if {fn} is 
fundamental in (#) (resp., (p.#)) on A. 

Proof. We only prove the former, the latter is sim- 
ilar. We assume A = X without loss of generality. 
Since {f~} is fundamental in (#), by Proposition 2, 
there exists a subsequence {f~} of {f~} such that 
{fn~} is fundamental (a.e.). By Theorem 4, there 
exists f ~ ig such that f~  a.~. f (k --+ oo). 

From Theorem 6.9 of [7], we know f~  ~ f 
(k --+go). Since {f~} is fundamental in (#), we have 

lim #({x: [ f~(x) - f~k(x)l >/e/2}) = 0 .  
n ,k  

By f,k ~ f again, we have 

lira ~({x: l f~(x )  - f(x)[/> ~/2}) = O. 
k 
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Notice that 

{x: I f , ( x )  --  f ( x ) ]  >~ e} 

c {x: I f,(x) -- f,~(x)l /> e/2} 

w { x :  i f , ~ (x )  --  f(x)l >/e/2}. 

By the monotonicity and double asymptotic null- 
additivity, we have 

lim/4x: I f,(x) - f(x)l ~> e} = 0, 
n 

i . e . f .  & f. This completes the proof of the 
theorem. [] 
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