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Abstract Nonlinear integrals play an important role in infor-
mation fusion. So far, all existing nonlinear integrals of a
function with respect to a set function are defined on a sub-
set of a space. In many of the problems with information
fusion, such as decision tree generation in inductive learning,
we often need to deal with the function defined on a parti-
tion of the space. Motivated by minimizing the classification
information entropy of a partition while generating decision
trees, this paper proposes a nonlinear integral of a function
with respect to a nonnegative set function on a partition, and
provides the conclusion that the sum of the weighted entropy
of the union of several subsets is not less than the sum of the
weighted entropy of a single subset. It is shown that selecting
the entropy of a single attribute is better than selecting the
entropy of the union of several attributes in generating rules
by decision trees.

Keywords Decision tree · Nonlinear integral · Information
fusion · Partition · Information entropy

1 Introduction

Information fusion means to extract useful information from
many different information sources and then combine to
achieve a result. As a tool of information fusion, the integral
plays an important role in many fields such as data mining,
pattern recognition, object classification and decision-mak-
ing. Aggregation with different backgrounds in information
fusion requires different integrals. A traditional aggregation
tool used in information fusion is the weighted average
method. It is essentially the Lebesgue-like integral with re-
spect to a classical additive measure [1] and is valid for many
linear models. Using a linear model needs a basic assump-
tion that there is no integration among information sources
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for their contribution to an objective attribute. However, in
many real situations such a linear model fails due to the
inherent interaction among attributes. Hence, many nonlin-
ear integrals with respect to nonadditive set function have
been introduced. In information fusion or data mining set
function can be explained as an efficiency function or an
importance measure [2–4]. The nonadditivity of set function
indicates the inherent interaction among information sources
or the attributes to the objective attribute. So, nonlinear inte-
grals can efficiently deal with many nonlinear models [5–10].
By now, there have already been developed many kinds of
nonlinear integrals [5–15], the main ones being the Choquet
integral [11–13], Sugeno integral [5,14], pan-integral [16,
17] and Wang integral [18]. These nonlinear integrals are all
defined on a subset of a space. In many fields such as data
mining and machine learning, in order to efficiently deal with
the data and extract the useful rules, we need to divide a data
set into several disjoint data subsets according to one criteria,
and different criterion often lead to different partitions of the
set. For example, in a decision tree, an attribute corresponds
to a partition of a sample set, and a different attribute usually
corresponds to a different partition. So information fusion can
also be influenced by the partitions of the set. In this paper,
we propose a nonlinear integral defined on a partition of the
set. If we define the entropy of the set as the set function and
let the integrand be equal to 1 in the nonlinear integral, then
the value of the integral can be achieved at the most refined
partition of the set, which is consistent with the maximum
information gain of an attribute in generating a decision tree.
Therefore, this paper to some extent, and from the viewpoint
of minimum entropy, confirms that using a single attribute
(attributes with equal entropy can be seen as one attribute) in
ID3 algorithm of generating decision trees is more efficient
compared with using several attributes merging at a node for
selecting expanded attributes.

This paper is organized as follows. Section 2 gives some
basic concepts, the new type of integral and some of its fun-
damental properties. Section 3 derives the formula for com-
puting the new integral and Sect. 4 concludes this paper.
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2 Some basic concepts and the new nonlinear integral

For convenience, suppose X be a nonempty set, F be an
σ -algebra of subset of X. We call (X, F) a measurable space.
Let G be the set of all nonnegative functions defined on X.
Here, X is not necessarily finite.

2.1 Some basic concepts and the definition of the new
nonlinear integral

Definition 2.1 A function μ defined on F is called a set func-
tion.

(1) The set function μ is said to be additive if μ(A ∪ B) =
μ(A)+μ(B), whenever A ∈ F, B ∈ F with A∩B = φ.
Otherwise, μ is called nonadditive.

(2) The set function μ is said to be super-additive if μ(A ∪
B) ≥ μ(A) + μ(B), whenever A ∈ F, B ∈ F with
A ∩ B = φ.

(3) The set function μ is said to be sub-additive if μ(A∪B) ≤
μ(A)+μ(B),whenever A ∈ F, B ∈ F,with A∩B = φ.

Definition 2.2 The information entropy is a measure of uncer-
tainty of information at the statistical (incomplete) descrip-
tion of a system S with the use of a distribution of probabilities
p = {pi } (0 ≤ pi ≤ 1, i = 1, 2, . . . , n), e.g. The Boltz-
mann-Shannon entropy:

E(S) =
n∑

i = 1

pi ln pi . (1)

In many 2-class classification problems, given a collection
S, containing positive and negative examples of some target
concept, the entropy of S relative to this Boolean classifica-
tion is E(S) = −p+ log2 p+ − p− log2 p−, where p+ is the
proportion of positive examples in S and p− is the proportion
of negative examples in S.

Definition 2.3 Let (X, F) be a measurable space, τ =
{A1, A2, . . . , An} is called a partition of X if and only if

n∪
i = 1

Ai = X and Ai ∩ A j = φ (i �= j).

Definition 2.4 Suppose τ1 and τ2 are two partitions of the set
X and τ1 = {Ai }n

1 , τ2 = {
B j

}m
1 , the partition τ1 is a refine-

ment of the partition τ2, in symbol τ1 < τ2, if B j is the union
of some Ai , i.e. B j = ∪

k∈E
Ak, where E ⊂ {1, 2, . . . , n}. We

use τ1 ≤ τ2 to denote τ1 < τ2 or τ1 = τ2.

For example, given a set X = {x1, x2, x3, x4} , let τ1 =
{x1, x2} ∪ {x3} ∪ {x4} , τ2 = {x1, x2} ∪ {x3, x4} then τ1 < τ2,
i.e. the partition τ1 is a refinement of the partition τ2.

In what follows, we will give the definition of the new
nonlinear integral defined on a partition of a set.

Definition 2.5 Let υ : F → [0,∞) be the Lebesgue mea-
sure, μ : F → [0,∞) be a nonnegative set function, and
f : X → [0,∞) a nonnegative function. Given a partition

of X, τ , then the integral of the function f with respect to μ
on the partition τ, denoted by

∫
τ

f dμ, is defined as:

∫

τ

f dμ = inf
τ≤σ

n∑

i = 1

(∫
Ai

f dυ
∫

X f dυ

)
μ(Ai ), (2)

where σ = {Ai }n
i=1 is an arbitrary partition of X.

2.2 Fundamental properties

Without loss of generality, let μ : F → [0, ∞) be monotonic
and satisfying μ(φ) = 0, and F be a nonnegative function
defined on X. The integral introduced above possesses the
following basic properties.

Proposition Let f, g ∈ G, A, B ∈ F,
∫

X f dυ �= 0 and
c ∈ R+, then we have the following:

(1) If μ(X) = 0, then
∫
τ

f dμ = 0.
(2) If τ1 ≤ τ2, then

∫
τ1

f dμ ≤ ∫
τ2

f dμ.
(3) If μ is super-additive, then

∫
τ

cdμ ≤ μ(X).
(4)

∫
τ

c f dμ = ∫
τ

f dμ.
(5) For any constant c1 > 0, c2 > 0, if f �= 0 and g �= 0,

then:
∫

τ

(c1 f + c2g) dμ ≤
∫

τ

f dμ +
∫

τ

gdμ.

Proof We only need to prove (3), (4) and (5); the remain-
ing properties can be obtained directly from the definition.
Suppose τ is a given partition of X.

For (3), we have
∫

τ

cdμ = inf
τ≤σ

n∑

i = 1

∫
Ai

cdυ
∫

X cdυ
μ(Ai )

= inf
τ≤σ

n∑

i = 1

c
∫

Ai
dυ

c
∫

X dυ
μ(Ai )

≤ inf
τ≤σ

n∑

i = 1

μ(Ai ) ≤
n∑

i=1

μ (Ai )≤ μ(X), (3)

where σ = {Ai }n
i=1 is an arbitrary partition of X.

For (4), we have:
∫

τ

c f dμ = inf
τ≤σ

n∑

i = 1

∫
Ai

c f dυ
∫

X c f dυ
μ(Ai )

= inf
τ≤σ

n∑

i = 1

c
∫

Ai
f dυ

c
∫

X f dυ
μ(Ai )

= inf
τ≤σ

n∑

i = 1

∫
Ai

f dυ
∫

X f dυ
μ(Ai ) =

∫

τ

f dμ, (4)

where σ = {Ai }n
i=1 is an arbitrary partition of X.
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For (5), we have:
∫

τ

(c1 f + c2g) dμ

= inf
τ≤σ

{
n∑

i=1

(∫
Ai

(c1 f + c2g) dυ
∫

X (c1 f + c2g) dυ

)
μ(Ai )

}

= inf
τ≤σ

{
n∑

i=1

( ∫
Ai

c1 f dυ
∫

X (c1 f + c2g) dυ

)
μ(Ai )

}

+ inf
τ≤σ

{
n∑

i=1

( ∫
Ai

c2gdυ
∫

X (c1 f + c2g) dυ

)
μ(Ai )

}

≤ inf
τ≤σ

{
n∑

i=1

(∫
Ai

c1 f dυ
∫

X c1 f dυ

)
μ(Ai )

}

+ inf
τ≤σ

{
n∑

i=1

(∫
Ai

c2gdυ
∫

X c2gdυ

)
μ(Ai )

}

= inf
τ≤σ

{
n∑

i=1

(∫
Ai

f dυ
∫

X f dυ

)
μ(Ai )

}

+ inf
τ≤σ

{
n∑

i=1

(∫
Ai

gdυ
∫

X gdυ

)
μ(Ai )

}

=
∫

τ

f dμ +
∫

τ

gdμ, (5)

where σ = {Ai }n
i=1 is an arbitrary partition of X. ��

The following example shows that the equality in (3) of the
Proposition may not hold.

Example 1 Let X = {a, b}, F = P(X), υ(A) = |A| where
|A| is the number of the elements in A, f (x) = 1 when x ∈ X .
τ = {a} ∪ {b} is a partition of X, and:

μ(E) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0 if E = φ

0.5 if E = {a}
0.6 if E = {b}
1 if E = X

(6)

then
∫

τ

f dμ = 1

2
μ({a}) + 1

2
μ({b}) = 0.5 + 0.6

2
= 0.55 (7)

but μ({X}) = 1.

3 The calculation of the nonlinear integral in special
cases

In general, the value of the nonlinear integral is not neces-
sarily achieved at the most refine partition τ. For example,
suppose A = {x1, x2, x3} , f (xi ) = 1, (i = 1, 2, 3).

Let μ(x1) = 1, μ(x2) = 2, μ(x3) = 3, μ(x1, x2) = 1,
μ(x2, x3) = 2, μ(x1, x3) = 3.

τ = {x1} ∪ {x2} ∪ {x3}, υ(A) = |A|, where |A| is the
number of elements in set A. Then

∫
τ

dμ = (5/3), which
is achieved at the partition τ1 = {x1, x2} ∪ {x3}, not at the
partition τ, and τ < τ1. But in special cases, it can be held.

Theorem Suppose X = {x1, x2, . . . , xn}, f (xi ) = 1, τ =
{Si }l

i=1 be a given partition of X, and the existing Bool-
ean function is denoted by g : X → {−1, 1}. Let μ(Ai ) =
E(Ai ), υ(Ai ) = |Ai |, where |Ai | is the number of elements
in set Ai , then:

∫

τ

f dμ = inf
τ≤σ

m∑

i=1

(∫
Ai

f dυ
∫

X f dυ

)
μ(Ai )

=
l∑

i=1

(∫
Si

f dυ
∫

X f dυ

)
μ(Si ) =

l∑

i=1

|Si |
n

μ(Si ), (8)

where σ = {Ai }m
i=1 is an arbitrary partition of X.

Proof We first prove that Eq. (8) is held while l = 2. Then
according to mathematical induction, we can easily prove
Eq. (8) in any case.

Suppose S1 = (
m+

1 , n−
1

)
, S2 = (

m+
2 , n−

2

)
, Si ⊂ X (i =

1, 2) and S1∪S2 = X, where m+
i (i = 1, 2) denotes that there

are mi (i = 1, 2) elements xki (k = 1, 2, . . . , mi ) satisfying
g (xki ) = 1 in Si (i = 1, 2). Similarly, n−

i (i = 1, 2) denotes
that there are ni (i = 1, 2) elements y ji ( j = 1, 2, . . . , ni )

satisfying g
(
y ji

) = −1 in Si (i = 1, 2), and m1 +n1 +m2 +
n2 = n. We can prove the following is held, that is:

|S1|
|S1 ∪ S2| E (S1) + |S2|

|S1 ∪ S2| E (S2) ≤ E (S1 ∪ S2) . (9)

First we prove

x log2(x + c) + y log2(y + d)

−(x + y) log2(x + y + c + d)

≤ x log2 x + y log2 y − (x + y) log2(x + y), (10)

where x > 0, y > 0, c > 0, d > 0.
Let

u(c, d) = x log2(x + c) + y log2(y + d)

−(x + y) log2(x + y + c + d). (11)

Then

u′
c(c, d) = 1

ln 2

(
x

x + c
− x + y

x + y + c + d

)
(12)

Let u′
c(c, d) = 0, then x/y = c/d .

While x/y = c/d , we have

u′′
c = − 1

ln 2

(
x

(x + c)2 − x + y

(x + y + c + d)2

)

= − 1

ln 2

xy

(x + c)2(x + y)
< 0. (13)
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Similarly, by the following

u′
d(c, d) = 1

ln 2

(
y

y + d
− x + y

x + y + c + d

)
= 0 (14)

we can also obtain x/y = c/d .
While x/y = c/d, we have

u′′
d = − 1

ln 2

(
y

(y + d)2 − x + y

(x + y + c + d)2

)

= − 1

ln 2

x3

y(x + c)2(x + y)
< 0. (15)

So, while x/y = c/d , Eq. (11) can achieve its maximum,
that is:

umax(c, d) = x log2 x + y log2 y − (x + y) log2(x + y).

(16)

Let x = m1, y = n1, c = m2, d = n2 in Eq. (10), we can
obtain:

m1 log2 m1 + n1 log2 n1 − (m1 + n1) log2 (m1 + n1)

≥ m1 log2 (m1 + m2) + n1 log2 (n1 + n2)

− (m1 + n1) log2 n. (17)

Similarly, let x = m2, y = n2, c = m1, d = n1 in Eq. (10),
and we can obtain:

m2 log2 m2 + n2 log2 n2 − (m2 + n2) log2 (m2 + n2)

≥ m2 log2 (m1 + m2) + n2 log2 (n1 + n2)

− (m2 + n2) log2 n. (18)

By Eqs. (17) + (18), we can obtain the following:

m1 log2
m1

m1 + n1
+ n1 log2

n1

m1 + n1
+ m2 log2

m2

m2 + n2

+n2 log2
m2

m2 + n2

≥ (m1 + m2) log2
m1 + m2

n
+ (n1 + n2) log2

n1 + n2

n
.

(19)

So we can conclude
m1 + n1

n

×
(

m1

m1 + n1
log2

m1

m1 + n1
+ n1

m1 + n1
log2

n1

m1 + n1

)

+m2 + n2

n

×
(

m2

m2 + n2
log2

m2

m2 + n2
+ n2

m2 + n2
log2

n2

m2 + n2

)

≥ m1 + m2

n
log2

m1 + m2

n
+ n1 + n2

n
log2

n1 + n2

n
.

(20)

Therefore, Eq. (9) is held. By Eq. (9) we can obtain the fol-
lowing (S1 ∪ S2 ⊂ X):

|S1|
|X | E(S1) + |S2|

|X | E(S2) ≤ |S1 ∪ S2|
|X | E(S1 ∪ S2). (21)

Using Eq. (21), the validation of Eq. (8) is given by the math-
ematical induction. Then, we conclude that the sum of the
weighted entropy of the union of several subsets is not less
than the sum of the weighted entropy of a single subset. It
is shown that using a single attribute (attributes with equal
entropy can be seen as one attribute) in ID3 algorithm of gen-
erating decision trees is more efficient compared with using
several attributes merging at a node for selecting expanded
attributes. ��

4 Conclusions

In this paper, we proposed a new nonlinear integral based
on a partition of a set. The formula for computing this inte-
gral shows that the minimum entropy is attained at the most
refined partition. Paying attention to the fact that the ID3
algorithm for generating decision trees selects the expanded
attributes according to the integral given in this paper, we
conclude that using the single attribute at a node in ID3 algo-
rithm is more efficient compared with using several attributes
(branches) merging from the viewpoint of entropy minimi-
zation.
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