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Abstract. When fuzzy IF-THEN rules are used to approximate reasoning, 
interaction exists among rules. Handling the interaction based on a non-integral 
can lead to an improvement of reasoning accuracy but the determination of 
non-linear integral usually needs to solve a linear programming problem with too 
many parameters when the rules are a little many. That is, the number of 
parameters increases exponentially with the number of rules. This paper proposes 
a new approach to denoting the interaction by a 2-additive fuzzy measure which 
replaces the general set function of the old non-linear integral approach. The 
number of parameters determined in the new approach is greatly less than the 
number of parameters in the old approach. Compared with the old approach, the 
new one has a little loss of accuracy but the new approach reduces the number of 
parameters from an exponential to polynomial quantity. 

1   Introduction 

Fuzzy IF-THEN rules are widely used in expert systems to represent fuzzy and 
uncertain concepts. Given a set of FPRs and an observed fact, FPR reasoning is used to 
draw an approximate conclusion by matching the observed fact against the set of FPRs. 
Many researchers have investigated this fundamental issue in fuzzy reasoning ([1-6]). 

It is important to find the interaction among rules. Interaction can help domain 
experts discover new knowledge existing among rules. With respect to a given 
consequent, knowing and modelling the enhancing or resisting effect among rules 
learned from data is helpful to maintain the rule base. By discovering the interaction 
among the rules and then applying it to fuzzy reasoning, it is expected to improve the 
reasoning accuracy. In [1], we can see the WFPR (Weighted Fuzzy Production Rule) 
fails to apply to such a situation that interaction exists among the rules. In order to 
handle this situation, the authors propose to use a non-linear integral tool. The 
interaction among the rules is considered as the non-additive set function, and the 
classification is computed by using the integral model. Such a handling of interaction in 
fuzzy IF-THEN rule reasoning can lead to a well understanding of the rule base, and 
also can lead to an improvement of reasoning accuracy.  

Reference [1] investigates how to determine from the given data the non-additive set 
function which cannot be specified by domain experts. The main problem of the 
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proposed approach to interaction handling is too many parameters when the number of 
the rules increases. The approach is not appropriate in many situations due to the 
exponentially increasing complexity. In order to solving this problem, we could 
consider the special structured fuzzy measure to replace the general set function. There 
are many fuzzy measures that have the special structure, for example, the belief fuzzy 
measure, the plausibility fuzzy measure, −λ fuzzy measure, 2-additive fuzzy measure 
and so on. In [8, 9], the authors once used genetic algorithms to determine the 

−λ fuzzy measure. In this paper, we propose using 2-additive fuzzy measure to 
represent the interaction among the rules such that the representation parameters can be 
reduced greatly. The parameter reduction is at the cost of some loss of accuracy.  

2   Background on Fuzzy Measures and Integrals 

2.1   Fuzzy Measures 

Definition 1. A fuzzy measure µ defined on X is a set function ( ) [ ]: X 0,1pµ → , 

satisfying the following axioms: 

(1) ( ) ( )0, X 1µ µ∅ = =  

(2) ( ) ( )µ µΑ ⊆ Β⇒ Α ≤ Β  

A fuzzy measure can be additive, supper-additive, or sub-additive. Let 
},,,{ 21 nRRRX L=  be a set of rules with the same consequent. We regard A, B as two 

subsets of rules. )(Aµ  is the importance of the subset A .The additive means that there 

is no interaction among two subsets; the sub-additive and super-additive  mean that 
there exists interaction. The sub-additive indicates that the two sets of rules are resisting 
each other; super-additive means that the two sets of rules are enhancing each other. 

2.2   k -Additive Fuzzy Measures 

Definition 2. A Pseudo-Boolean function is a real valued function { }: 0,1
n

f → ℜ . 

A fuzzy measure can be viewed as a particular case of the pseudo-Boolean function, 

defined for any A X⊂ , such that A  is equivalent to a { }1 2, ,..., lx x x in { }0,1
l , 

where 1ix = if i ∈ Α . It can be shown that any pseudo-Boolean can be expressed as a 

multi-linear polynomial in L variables, that is ( ) ( ) i
T L i T

f x a T x
⊂ ∈

⎧ ⎫= ⎨ ⎬
⎩ ⎭

∑ ∏  

with ( )a T R∈ and { }0,1
l

x ∈ . The coefficients ( )a T , T X⊂  can be interpreted as 

the Mobius transform of a set function. We note i iaµ = , { }( )i iµ µ= , { }( )ia a i= . 

Definition 3. A fuzzy measure µ defined on X is said to be k -order additive if its 

corresponding Pseudo-Boolean function is a multi-linear polynomial of degree k , 
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i.e., ( ) 0a T = , ∀ T  such that | |T K> , and there exits at least one T  of k  elements 

such that ( ) 0a T ≠ . 

For any K X⊂  and | | 2K ≥ , with 1ix =  if i K∈ , 0ix = otherwise. The 

2-additive fuzzy measure is defined by: ( )
{ }1 ,

n

i i ij i j
i i j X

K a x a x xµ
= ⊆

= +∑ ∑ . The fact that 

i iaµ = for all i , we can get the following expression:  

{ }( ),ij i j i j ij i j ijx x a a a aµ µ µ µ= = + + = + + . 

The general formula for 2-additive fuzzy measure is 
 

( )
{ } { }

( )
, ,

| | 2i ij ij i
i K i j K i j K i K

K a a Kµ µ µ
∈ ⊆ ⊆ ∈

= + = − −∑ ∑ ∑ ∑  

for any K X⊂ and | | 2K ≥ . For example  

{ }( ), ,ijk i j k i j k ij ik jkx x x a a aµ µ µ µ µ= = + + + + + . 

The 2-additive fuzzy measure is determined by the coefficients iµ  and ijµ , only 

( )1 / 2L L +  coefficients  iµ and ijµ  have to be determined from training data. The 

coefficients for all other subsets K X⊂ and | | 2K ≥ are calculated from iµ and ijµ . 

In order to obtain a monotonic fuzzy measure, the coefficients iµ  and ijµ  must satisfy 

particular conditions. The monotonicity which constraints on the coefficients of the 
2-additive fuzzy measure can be formulated as follows: 

( ) { }2 0, , \ij j i
j K j K

L i X K X iµ µ µ
∈ ∈

− − − ≥ ∀ ∈ ⊆∑ ∑           (1) 

where| |X L= , to obtain a fuzzy measure normalized to the interval [ ]1,0 , the coefficients 

iµ and
ijµ  must also satisfy the normalization condition, for 2k = , we 

have ( )
{ },

1i ij
i X i j X

X aµ µ
∈ ⊆

= + =∑ ∑ . 

In order to ensure the monotonicity and normalization, 2-additive fuzzy measure 
satisfies constrains: 

( ) 0a ∅ = , 

{ },

1i ij
i L i j L

a a
∈ ⊆

+ =∑ ∑ , 0,ia i L≥ ∀ ∈ , 

{ }0, , \i ij
j T

a a i L T L i
∈

+ ≥ ∀ ∈ ∀ ⊆∑ . 

The concept of 2-additive fuzzy measure provides a trade-off between richness and 
complexity of fuzzy measure. 
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2.3   Fuzzy Integral 

Fuzzy integral is a type of integrals of a real function with respect to a fuzzy measure. 
There have been several definitions of fuzzy integrals. We restrict our discussion here 
to the Choquet integral. 

Definition 4. Let { }1 2, ,..., nX x x x= , µ  be a fuzzy measure defined on the power 

of X , f  be a function from X to [ ]0,1 . The Choquet integral of f with respect to µ is 

defined by  

( ) ( ) ( )( ) ( )( ) ( )( )( ) ( )1 1
1

,...,
n

n ii i
iX

C fd C f x f x f x f x Aµ µ µ−
=

= = −∑∫  

where the subscript ( )i  indicates that the indices have been permuted so that 

( )( ) ( )( )10 ... 1nf x f x≤ ≤ ≤ , also ( ) ( )( )1 ,...,i nA x x= , and ( )0 0f x = . 

3   Using 2-Additive Fuzzy Measure to Represent Interaction 
Among Rules 

Yeung et al. determined the set function by solving a linear programming problem in 
[1]. The main problem of the proposed approach to interaction is too many parameters 
when the number of rules increases. At this stage, the approach is not yet appropriate 
for many cases due to the exponential complexity. Actually, it is not feasible to 
implement in the real world. In this paper we propose to use 2-additive fuzzy measure 
to replace the general set function for the interaction handling. In [1], the number of the 

parameters of a set function is 2 2 2m M m−+ − . If we use 2-additive fuzzy measure 
instead of the set function, we only need to determine 

( ) ( ) ( )1 / 2 1 / 2m m M m M m× + + − × − +  parameters.  

Let us recall in detail the question given in [1]. Suppose that, using some learning 
techniques, we have already extracted M fuzzy rules from the N examples. The FPR 
form is IF (attribute-value) THEN (Class), where the class is either C1 or C2. The 

extracted M rules are categorized into two groups, { }1 , 1,2,...,iS R i m= =  

and { }2 , 1, 2,...,iS R i m m M= = + + , one leading to the consequent C1 and the other 

leading to C2. The N examples are also classified into two parts, as follows: 

{ }1 , 1,2,...,iT e i n= =  and { }2 , 1, 2,...iT e i n n N= = + + . The actual classification 

of the examples within 1T  is C1, and within 2T is C2. Noting the definitions 

of 1S , 2S and 1T , 2T , we hope that the following inequalities hold: 1 2i ix x>  for 

1, 2,...,i n= , 1 2i ix x<  for 1, 2, ...,i n n N= + + . 

We may numerically determine the fuzzy measure which is unknown by using the 

optimisation criterion of reasoning accuracy. Let 1µ , 2µ  be two set functions defined 

on { }1 , 1,2,...,iS R i m= = and { }2 , 1, 2,...,iS R i m m M= = + + . 
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Suppose that matching degree functions of ie matching 1S and 2S are 

( ) ( ) ( )( )1 2
1 , ,... n

i i i if SM SM SM=  and ( ) ( ) ( )( )1 2
2 , ,...m m M

i i i if SM SM SM+ += , 

where ( )j
iSM  is the result of ie matching the j -th rule jR ( )1,2,..., ; 1,2,...,i N j M= =  

then ( )
1

1

1 1i i

S

x C f dµ= ∫ and ( )
2

2

2 2i i

S

x C f dµ= ∫ . 

Therefore we have the following inequalities:  

( ) ( )
1 2

1 2

1 2i i

S S

C f d C f dµ µ>∫ ∫  for 1, 2,...,i n= , 

( ) ( )
1 2

1 2

1 2i i

S S

C f d C f dµ µ<∫ ∫ for 1, 2,...,i n n N= + + , 

subject to 1 20 , 1µ µ≤ ≤ . 

If we use 2-additive fuzzy measure instead of the set function in [1], the problem of 
solving the inequalities (13)-(16) in [1] can be transformed into the following linear 
programming problem (2).  

Minimize:
1 2 ... nξ ξ ξ+ + +  

Subject to 
1 1

0
m m M M

k k
ij ij ij ij k

i j i i m j i

b a b a ξ
= = = + =

+ + >∑∑ ∑ ∑ 1, 2,...K N=      (2) 

{ }1 1,

1ii ij
i L i j L

a a
∈ ⊆

+ =∑ ∑   { }1 1,2,...,L m= ; 

{ }2 2,

1ii ij
i L i j L

a a
∈ ⊆

+ =∑ ∑  { }2 1, 2,...,L m m M= + + ;  

0iia ≥ 1i L∀ ∈ , 2i L∀ ∈ ; 

1

0ii ij
j T

a a
∈

+ ≥∑  1i L∀ ∈ , { }1 1 \T L i∀ ⊆ ; 

2

0ii ij
j T

a a
∈

+ ≥∑ 2i L∀ ∈ , { }2 2 \T L i∀ ⊆ ; 

0iξ > 1,2,...i N=  

where iia is the measure of iR , ijµ is the measure of { },i jR R , 

       
1 {1, 2,..., }L m= ,

2 { 1, 2,... }L m m M= + +  i i iia aµ = = , 

ij i j ij ii jj ija a a a a aµ = + + = + + . 
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In this section, with respect to our particular issues of handling interaction among 

rules, we only need to determine the values of iµ and ijµ , that is iia  and ija . Once we 

determined the value of iia and ija , the other value of the composed rules can be 

expressed by iia and ija . The details about no interaction case are presented in [1]. 

When we use 2-additive fuzzy measure to replace the set function, the advantage is 
that the number of parameters is reduced from an exponential to polynomial quantity 
with the increasing number of rules; the disadvantage is that the accuracy may be lower 
than the set function. Because 2-additive fuzzy measure satisfies monotocinity, it only 
considers the enhancing-effect as the interaction exists among rules, but the 
resisting-effect cannot be considered. The set function not only expresses the 
enhancing-effect but also resisting-effect properly, but it has too much computational 
complexity. 

4   Experimental Simulation 

We chose 5 widely used machine learning classification problems to verify advantages 
of our method. The five databases employed for experiments are obtained from [7]. We 
conduct our experiments as follows. Each database is randomly split into two parts. 
One part is used for training while the remaining is used for testing. 

Table 1. The comparative of the reasoning accuracy of globally weighted, the set function, 
2-additive fuzzy measure 

Globally weighted The set function 
2-additive

fuzzy measure
Database

Training
accuracy

Testing
accuracy

Training
accuracy

Testing
accuracy

Training
accuracy

Testing
accuracy

Glass Identification 60% 58.47% 70.47% 61.54% 66.67% 60%
Pima India diabetes 75.06% 73.6% 78.4% 74.46% 77.47% 74.03%

Rice taste 84.9% 84.4% 86.3% 87.5% 84.9% 87.5%
Mango 70.96% 72% 71.55% 72% 72.41% 72%
Wine 95.97% 77.78% 95.97% 79.63% 95.97% 77.78%  

From Table1, we can summarize the following experimental conclusion: 

1) To a certain degree, the amount of training and testing accuracy improvement 
depends on the concrete structure of database.  

2) Of the five databases, the accuracy of using 2-additive fuzzy measure to 
represent the interaction is between the weighted fuzzy reasoning and reasoning based 
on the set function. 

3) In Table 1, the Mango leaf data ’s testing accuracy is almost same in three 
methods. This implies that the rules extracted from the database have not interactive 
effect. Wine data shows that the learning accuracy does not improve significantly. This 
implies that the rules extracted from the databases have little interactive effect. In these 
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situations the handling of interaction among rules can be replaced with handling based 
on weights. 

4) From Rice Taste and Glass Identification databases, we can see that the 
interaction exists among the rules and the accuracy of using 2-additive fuzzy measure 
to represent the interaction is between the weighted fuzzy reasoning and the reasoning 
based on the set function.  

From Table 1, we see that the interaction can be ignored in some databases. We also 
see that 2-additive fuzzy measure can replace the set function in some cases and to 
some extent. 

5   Conclusions 

The number of the determined parameters by using a set function is too large when 
there are many rules. It is not feasible to implement in the real world. This paper 
proposes using 2-additive fuzzy measure to replace the set function for the interaction 
handling. The main advantage is that the parameters can be reduced greatly. The 
disadvantage is that the reasoning accuracy of using the 2-additive to represent the 
interaction is little lower than using the set function in some cases. To balance the 
complexity (i.e., the number of parameters to be determined) and the reasoning 
accuracy, this paper seems to have given an appropriate trade-off by replacing the 
general set function with the 2-additive fuzzy measure. 
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